OPTIMUM CONTROL OF THE POWER GENERATORS DURING
MOTION OF A VARIABLE-MASS BODY WITH ACTIVE
JETTISONING OF POWER GENERATORS

(OPTIMAL’ NOE UPRAVLENIE ISTOCHNIKOM MOSHCHNOSTI PRI
PVIZHENII TELA PEREMENNOI MASSY S AKTIVNYM
SBROSOM MOSHCHNOSTI)

PMM Vol.27, No.4, 1963, pp. 628-640

V. V. TOKAREV
{(Moscow)

(Received January 19, 1963)

The problem of constructing an optimum law for the decrease in weight
of the power generators (with a corresponding decrease in the power of
the reactive jet) during the motion of a variable-mass body in a gravi-
tational field was studied earlier in [1-3]. Paper (1] contains an
analysis of a stepwise decrease in power. A continuous diminution in
power was investigated in (2] and the analysis of the stepwise diminu~
tion in power was continued. The results of [3} in which the problem of
an optimum decrease in power is solved for constant acceleration due to
reactive thrust can be obtained as a particular case from {2].

Below, the problem analyzed in {21 is extended to the case when the
jettisoned sections of the power generators can be used partially or
completely as propellant to generate thrust* (active jettisoning of
generators).

1. Formulation of the variational problem. The system of
equations describing the motion of a variable-mass body in a gravita-
tional field and the change in the body weight can be represented as

Gm = — gm, iV (28/2) Gy N (4,0 + 14,)

r=v, v= ¢ FCy+C. + R (1.1

CN == e gy

* The idea of using "excess" parts of the system as propellant was ex-
pressed by Tsander (4] in 1909.
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It is assumed here that the body weight G is distributed between the
store of working material [propellant] G,, the power generators Gy and
the useful load [pay load] G,, where the weights G and Gy are assumed
to vary with time t. The weight discharge [consumption] per second
7,(t) >0 and the y part (0 y(t) << Ynax S 1) of the discharge q,(t)>0
are used to generate reactive thrust. The weights G, Gy, G, and the
discharges q,, q, are referred to the initial body weight.

The reactive jet power N = qV2/2 (where V is the discharge velocity)
can vary between zero and a certain maximum value. The maximum value of
the power is assumed to be related linearly to the weight of the power
source [generators] N.ox = Gy (where a is the specific weight of the
power source). The power N is considered to be referred to its maximum
value so that 0 <CN(¢) <C1.

The unit vector 1(t) indicates the thrust direction. r and v denote
the radius-vector and body velocity, R = R(r, t) and g the acceleration
due to the gravitational forces at the point (r, t) and the magnitude
of gravity at the earth’s surface, respectively. The combination

V 287a)GaN (m + 780 ) / (G + Gy + Gn) =a (1.2)

is the acceleration due to thrust (thrust divided by the flowing mass).
The dot denotes differentiation with respect to time.

Just as in [2], the problem is posed of finding the minimum time of
motion T for a given magnitude of useful load G, . This problem reduces
to the following variational problem for system (1.1).

To select from a set of piecewise-continuous, piecewise-smooth func-
tions such controls

O<N(t)<1’ O<T(t)<7mam Ii(t)|E1
0 < gm (2) < oo, 0 g () << o0 (1.3)

as would guarantee minimum time of transition T of system (1.1) for
given G, y_, and a from the given initial state*

Gmo + Gno = 1— Gy (to = 0) (1.4)

* The initial and final conditions for r and v are not made specific,
it is merely assumed that these conditions satisfy all the require-
. hl
ments imposed for application of the maximum principle [5,6).
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into a given final state

Gy = 0 (1 =T1T) (1.5)
under the conditions

Gn() >0, Gyv()>0 (1.6)

2. Composition of the optimum control. The formulated vari-
ational problem is a problem of the maximum fast-response. The
Pontriagin method [5,6) is used in the first step of the solution.

In addition to restrictions (1.3) on the control functions, the prob-
lem under consideration contains restrictions (1.6) of the phase co-
ordinates as well. Within the domain (G, >0, Gy >0) the maximum
principle 1s valid according to which the Hamiltonian

H=—pngm—pg¢ + prev+t+p-R+p +
] - , 21
1 (poi) V 28l2) OGN (gm + 10 / (G + Gy + Gu) @D
- oH . eH - AH - 3H - 9H
(Pm “"a—G‘;n“, P, v#TvN’, P ar va-*'—a*v“, tﬁ_"—)t—v)

at the optimum control should have an absolute maximum in the variables
i, N, y, 4, and q,, subject to conditions (1.3).

As regards the boundary Gy = 0, it can only be reached at the end of
the controlled motion; after this boundary is crossed the thrust vanishes
and only motion by means of inertia is possible. The use of the dis-
carded part of the power source as working material makes possible
motion along the boundary G, = 0. However, according to [5], for this
section the form of the function H and the differential equations for
the momenta p are retained, the phase coordinates and the momenta pass
through the junction point continuously and the maximum principle seems
to be applicable along all the trajectories.

Hence, the optimum control is determined throughout from the condi-
tion of the maximum of the Ilamiltonian (2.1) in the variables i, N, vy,
T and 1, taking account of restrictions (1.3). The unit vector 1(t) in
the fourth term of the function H is selected so that the scalar product
P, x 1, with the non-negative coefficient, would be a maximum

Poi = [Py | (2.2)
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1.e. the thrust vector® must be directed along the vector p, .

It follows from an analysis of the same term, taking condition (2.2)
into account, that the parameter y and the power N must be as large as
possible**

it (Z) = Tmax» N (l) =1 (23)

Afterwards, the part of the function H dependent on the controls q,
and q, can be written as follows™:

H* =— Pm Gm — Dy QV_—I P» | V(zg/a) Gy (Qm+ T (Jv)/(Gm + GN +G") (2'4)

It one or both momenta P, P, are less than or equal to zero, then
the optimum value of one or both discharges q_, q, becomes infinite,
i.e. the condition of piecewise continuity of the controls is violated.
If p,> 0 and p, > 0, then the optimum quantities of the discharges are
finite and depend on the sign of the function

A(t) = p,(t) = 7pm () (2.5)
and are determined by the following relations (see Appendix 1):
(g/a) Gy p,?
:‘pm2 (Gm + GN + Gn)z ’

Gn =0, g ——JEDCp
" ' v va2 (Gm -+ GN - (;71)2

Gm = q,= 0 for A>0

(2.6)

for A0

In the A(t) = 0 case, the condition of maximum of the function H*
does not determine either of the discharges q_ and 1, but determines
only the sum (g7, +yq,). The case A = 0 is singular in this sense. The
optimum values of the discharges are successfully established on the

* In the singular case |pv(t)! = 0 it will follow from (2.6) and (2.8)
that the discharges I and Ty hence meaning the thrust also, will
equal zero. As will be seen from (5.8), p, will never vanish except
in the degenerate case of entirely passive motion.

*+ Optimum of the total use of the power for motion with constant weight
of the power source was first proved in [ ]. When the maximum power
of the reactive jet depends on the discharge velocity, the boundary

character of the optimum control of the power was established in [8].

Here and henceforth, y (without a subscript) will be understood to

be the maximum value y__ . .
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sections A(t) = 0 by using the condition A(t) = 0 from which it follows
that (see Appendix 1)

Gn (t) “+ Gp = “_27) Gn (t) (27)

As is easy to see, this expression has meaning for y < 0.5, Gy < 0.5.
In combination with the condition of maximum of the function # it
yields

({ —~27){g/ )Gy p,?

gm = (1—27) 9, = 2(0—7) P2 (G, + Gy TGP

for A=0 (2.8}

3. Optimum control of the power source. According to the pre-
ceding section, the power which the source communicates to the reactive
jet and the fraction y of the discharge g, used as the working material
must be the greatest possible [see (2.3)]. Moreover

g, =0 for A>0, gm = (1—27) q, for A=0, ¢, =0 for ALO

[see (2.6), (2.8)]; i.e. equations (1.1) can be written in terms of one
of the discharges g, or 7, on each section of the optimum motion. This
discharge is replaced by the new control function a, the acceleration
due to thrust (1.2). Then the two vector equations (1.1) determining
the motion trajectory will not contain the weight parameters: ¥ = v,

v = ai + R, and equations (1.1) describing the change in the weights G,
and Gy will be expressed in terms of the weight parameters and the
square of the acceleration due to thrust

. G G G,)?
G = — <m+G~+ n) 2% Gy () =const for A()>0 (3.1)
N g

. G, @ + G, A@)=0
Gm=— 41— 1) (@ + Co) St Gy () = 207 gor {

. 05 (3.2
-2 };f<o.5 ©-2)
. G, + Gy +G,P Aty <0
Gm (1) = const, Gy = — ( TGNN 2%&2 for {T;0< 3.3)

In order to establish from which of the extrema (3.1) to (3.3) the
optimum weight-change law is composed and to determine the alternation
of these extrema, it is necessary to investigate the character of the
behavior of the function A(t) given by relation (2.5).

At the beginning of the motion
Ay =1—7 &9
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since it follows from condition (1.4) on the basis of the general theory
[5]+ that

either p,, = p,, = —1, OF  Prg = Pyg =1

The first possibility drops out because the discharges qp and qy be-
come infinite (see Section 2). Consequently, A(0) > 0 [except for the
case y = 1 when Aoy = 0] and an extremum of type (3.1) is realized.

The value of the weight GN1 is not given at the end of the motion,

hence, Py1 = 0. The derivative of the momentum P, determined by
formulas (2.1) with (2.2) and (2.3) taken into account

Pm= Py |V P87%) Gy (g T+ 19,) /(G + Gy + Gp)? (3.5)

is non-negative everywhere. The initial value of this momentum Pno is
positive, hence, at the end of the motion

A(T) = — YPmy <0 (3.6)

(except for the case y = 0 when A(T = 0) and an extremum of type (3.3)
is realized. Thus, the weight Gm, which is constant along this extremum,
vanishes according to condition (1.5).

Two versions (for 0 < y < 1) can occur later.

1. The derivative A is always negative, then the optimum law of the
weight change consists of extrema of type (3.1) and (3.3).

2. The derivative A is first negative, then vanishes at A = 0 and re-
mains.zero a certain time. After Gu has diminished to zero, the deriva-
tive A again becomes negative and does not change sign until the end of
the motion. In conformity with this, the weight-change law consists of
successively joined extrema (3.1), (3.2) and (3.3).

Condition (3.6) is not satisfied for all the remaining versions (see
Appendix 2).

In the limiting case y = 1 the initial value of the function A is
zero, hence, the change in weight is determined everywhere by relation
(3.3). For the other limiting case y = 0, considered in [2], relation
(3.3) has no meaning and the optimum weight-change law consists only
either of (3.1) or of (3.1) and (3.2).

* For t = 0 the generalized momentum vector must be normal to the hyper-
plane (1.4). After appropriate normalization it can be considered
that Puo ~ Pyp = 1 1.
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Let us turn now to the integration of equations (3.1) to (3.3). The
variables separate in each of these equations and the quadratures, if
the condition of continuous joining of the solutions is taken into
account, have the form:

For the case (3.1) + (3.3)

9 dG,, MG day o .
—GNo S (Gm+GNo +Gn)2 T S (GN+Gn)2 — ( . )
Gmo No
For the case (3.1) + (3.2) + (3.3)
c o T ¢ dG, Mgy day ©
- ”°&(G +GN0+G> A=Y 8 G, +G, ¥ S Gy + G F —
m G Gy

Here (3-8)

aT Gm0:1-GN0_671
D= 2—gga2dt, G *=(1—27)Gy,— G, (3.9)

o Gy** =G, /(1 —2y)

After the integrals (3.7) and (3.8) have been evaluated, a final
relation is established between the relative useful load G, the initial
Gyp and the final Gy, by means of the values of the weight of the power
source, the parameter y and the magnitude of the functional ®. Here G,
decreases monotonely as @ increases, thus permitting the separation of
the problems of optimum programming of the acceleration due to thrust
and optimum control of the power source.

The optimum program a(t) = al must guarantee minimum time T of dis-
placement (r = v, v=a+R) from a given initial and given final state
of fixed value of the integral

J =\ a%dt

cL/'vl-i

(or a minimum of the integral J for a fixed time of motion*).

* This problem is considered in [1.7]. The mentioned separation of the
general problems is retained even in the presence of restrictions on
the acceleration a; for example, a in < a(t) < a . a(t) = ag, 0,
etc. However, if restrictions are not imposed directly on the accele-
ration but on the discharge or on the outflow velocity [8]. then this
property is not retained in the general case. A methodological
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Optimum control of the power source is described by relations (2.3),
(3.1) to (3.3), (3.7) and (3.8). The initial and final values of the
weight of the power source are determined from the condition of maximum
of the function O(G , y, Gy,, Gy,), given by relations (3.7) and (3.8)
by means of the variables Gy, and Gy, for fixed values of G and y.

For the case (3.1) + (3.3) this procedure leads to the relations

Grvo ="y — G+ VI + T =1 G Gy =0 (3.10)

and for the case (3.1) + (3.2) + (3.3), to the relations

GNO = 1/4 (1 - T)s GN1 =0 (311)

An analysis of the integrated expressions (3.7) and (3.8) in which
the optimum values (3.10) and (3.11) of the initial and final weights
of the power source [see (3.14), (3.15) have been substituted, permits
the establishment of exact ranges of the realization of each type of
solution.

The solution (3.1) + (3.3) holds in the ranges
(=27)/4(1 -7 <G 1, 0r<05
0<G. <1, 05LKr<1 (8.12)
and the solution (3.1) + (3.2) + (3.3) in the range
0K G <(1—27)/4(1—1), 0<7<05 (3.13)

The domains (3,12) and (3.13) are shown in Fig. 1. The domain (3.13)
is hatched.

difficulty arises in the search for an optimum magnitude of the con-
stant weight of the power source Gy(t) = GNO in these cases: it is
required to find the optimum value of the constant parameter GNo
which will enter simultaneously into the right side of the motion
equations (1.1) and in the boundary conditions (1.4). In the general
theory of the maximum principle [5] a criterion is obtained for the
selection of optimum values of the parameters entering only in the
right sides of the equations. The mentioned difficulty can be by-
passed by introducing the equation éNo = 0 and by considering Gyo hot
as a parameter but as a phase coordinate, Then the problem with the
parameter reduces to & problem without the parameter for whose solu-
tion the maximum principle is applicable in its customary formulstion.
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For y =1 the solution (3.3) is valid in the whole range 0 <G <1
and Gy, and Gy, are determined by means of formulas (3.10).

For y = 0, the solution (3.1) for which
6y =y g — ¢,

is realized in the interval 0,25 S G, <1, and we have the solution
(3.1) + (3.2) in the interval 0 <G, <0.25, where Gyo = 0.25, Gy, =G,.

7 1
&
7 (3.1)+(3.3) < N\
&yl e
”a\‘f \
0.25 \\
V. = R
% 70
6n /
0 0 Cy /
Fig. 1. Fig. 2.

The optimum magnitude of the initial weight of the power source Gy,
as a function of the useful load G, is presented in Fig. 2 for differ-
ent values of y. The curves are constructed by means of formulas (3.10)
and (3.11) taking account of the ranges of their realization (3.12) and
(3.13). The dashed continuation of the lower curve and the right branch
of the curve refer to the case Gy(t) = J(Gn -G)) (1,7].

The final expression for 0 in terms of G, and y is
for (1—27)/4(1—71)<G, <1, 0<<Y<<05andfor0<G, <1, 0511
O=(1—7)(1—G./%) —yInG, + G, +1Ilnx —x (3.14)
(="hy + V1 + {1 —1) G

for 0<G, <U—21)/4(1—7), 0<Y <05

_ _ 4G (1 —1)
® 1—2y 1—27 1 In n

= <l — . 3.15
4(1—1) 7 ln 2(1—7) 21— 1— 2y ( )

The relative useful load G, as a function of the magnitude of the
functional O is shown in Fig. 3 for fixed values of y. The lower solid
curve corresponds to the case y = 0 analyzed in [2]. This same curve
(in the range 0 << 0 < 0.25) and its dashed continuation (in the range
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0.25 <O < 1) refer to the case of constant weight Gy analyzed in (1,7].
All the curves are shown in the range 0 < ® <X1. How-
ever, if the function Gn(w) is meaningless outside this

! range in the case Gy(t) = JGn - Gn, then the useful
load is defined on the whole semiaxis 0 < O <o for
optimally varying weight Gy(t) and for G, << 1 the

following approximate formulas are
valid:
&y for 0 Sy <
\QQ: Sy < 0.5
\)—\\ n=eo 1—=2r A —
&X\ Gu gy exp [— 41— 1 @) (3.16)
v, sfor 0.5 <y <1
S S—
o ? = 7 G, =exp(— @/7) (3.17)

The dependence of the useful load
on the parameter y is almost linear for
small values of ®(0 << 0O <0.5) (Pig. 4) and transforms to the exponential
(3.16) and (3.17) for large values.

It follows from a comparison of the upper curve (Fig. 3) (y = 1) with
the lower solid curve which refers to the case of passive power separa-
tion (y = 0) that, for the same values of the functional 0, the use of
the discardable sections of the power source as a working material
(active jettisoning of generators y > 0) essentially increases the use-
ful load: by 1,2-fold for ® = 0.05, 1.8-fold for ® = 0,25, more than
threefold for ® = 0.5, sevenfold for ® = 0.75 and 15-fold for ¢ = 1.

However, a comparison of the useful load
1 for the same values of the functional
&= ® = (o/2g)J [see (3.9)] yields exaggerated
205 results. It is natural to assume the exist-
| et==="1 ence of an increasing dependence of the
5%'r'——- specific gravity of the power source a on
o]

S
[
1

\

the parameter y, which will increase the
" value of ® for fixed J. Knowledge of the
dependence a(y) permits the solution of the
;;;;E::::: problem of selecting the optimum value of y
which would guarantee maximum useful load
¢ e for a given value of the integral J.
Fig. 4.

[
S

~yl
8\
~ Al

4. Stepwise decrease in the weight of
the power source. The case of the continuous
decrease in the weight of the power source considered above corresponds
to an infinitely large number of sections (n = ® in Fig. 3). It is
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interesting to compare this limiting case with the case of a finite
number of sections as was done in [2)] for Yy = 0.

At time tJ let the jth section of the source be discarded and let the
weight of the source remain constant in the interval (tj, tj+1). The
power N and the parameter Y, &s before, must be the greatest possible.
The change in the body weight is described by (3.1). Integrating this
equation by parts from tj to t]-+1 (jJ=0,1, ..., n=1 ¢t, = T) and
combining, we obtain

n—1

1 i
=G ’*.( - )
H Nj —
=0 Gm]ﬂ + GN‘; + Gn Gmﬂ; + GI\;;' + Gn
(4.1)

where the subscript j indicates the time tj and the
superscripts plus or minus refer to the value of the
6p function to the right or left of the

S time tj.
EEE;;:: ; Taking account of the relations on
78

:SEEEL, the discontinuities for the store of
‘\\\\\\i\\N~“N-* working material
;&1\ _ _ .
\\:\. Gl = Gop + T (Gyj — GNP
®

m

(j.—.i,...,n-—-—i)

-~

Fig. 5. and the condition of constant weight

of the power source between the
separation times

GN_] = GN_;'”]. (j = 1: LIRS ] n)

let us rewrite (4.1) as follows:

1 i
o= 6y _ (4.2)

GNieny = Ghp = Grngr Gig = Cpgr G = G (1) =0

By evaluating the partial derivative 00/0G_ it can be seen that the
function Q(Gn) is monotonically decreasing. Hence, the problem of seeking
the maximum G, for a given value of ® can be reduced to finding the
values

Gay Gy G=01,...,n—1) (4.3)
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which would guarantee a maximum of the function ¢ for a fixed value of
Gn and would satisfy the conditions

Gmg + Gyg =1 — Gy Gnj < Gniy

We obtain a system of 2n algebraic equations (for 0 Sy < 1) to de-
termine the 2n unknowns in (4.3)

(G + Gy + 6 V Gy = (G5 + 1645, + (1 — 1) Gy + 6) V 6y,

[2==0)

3G,
Gm—j+1 + Gn + TGN§+1 -
(Gm_}.ﬂ. + G}\"“J + Gn)g (Gm;+1 + TGN-; + (1 - T) G}V"-j.g.]_ + Gn)z
G + 10N5-1 + Cn (_a_el B 0)
(Gm; + 7GN-§_1 + (1 - T) GN§ + Gn)a 3GN§
Gy + Gy 4 TGN*;. _ ( o0 _ )
Gy + Gy + Go)? (G + 16N + (1 — 1) Gy} + G2 Gy

Gm_o’*"GN-;zi——Gn (}':i,...,n—i)

In the y = 1 limiting case the corresponding equations have the
simple solution

Gp = Gpg =1 — GV, G~ —0 G=1..,n—1)
(4.4)
Gy =G UV g (j=0,1,..,n—1;7=1)
Substituting (4.4) into (4.2) we obtain the relation between the
maximum useful load Gn and the magnitude of the functional ¢
C=m+DU—¢Y™) 46 —1 fory=1 (4.5)

As n - © this formula transforms into (3.14). Relation (4.5) is shown
in Fig. 5 as the dependence Gn(m) for n =1, 2, 4, ® It is seen from
the figure that the passage from n = 1 to n = 2 realizes approximately
one-third of the greatest possible gain in useful load and the passage
to n = 4 realizes approximately two-thirds. The remaining third is
realized by the passage from n = 4 to n = ®w. In the y = 0 case analyzed
in [2}, the overwhelming part of the gain is realized for n = 2. It is
interesting to note that the stepwise decrease in the weight of the
power source shifts the upper bound of the range of admissible values
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of the functional O to 0 = n (G, =0 for 0 = n).

5. Appendix 1. The determination of the optimum discharges q, and
q, is made from the condition of an absolute maximum of the function H*,
at each instant, in the independent variables 0 <gq, <o, 0Sgq, <o

The momenta Pn and py in expression (2.4) for H* must be strictly
greater than zero along the optimum solution

P (920, p, (>0 ©.1

Otherwise, from the condition of maximum H* would follow either
g, = ®or g, = (or both). All this contradicts the condition of finite
discharges.

Let us introduce the total discharge
I=n+19,0<¢<000<9,< ¢,0<9, K¢/ (5.2}
and let us write the function H* thus by using it
H* = — Pty + | P, |V @87 9) Gy / (G + Gy + 6)— (p, — 1P) g, (5.3)

Hence, it is seen that the optimum distribution of the total dis-
charge ¢ between the components g, and gq,, is determined by the sign of
the combination & = - p, - yp .

Indeed, if A > 0, then the maximum of H* in g, is achieved at ¢, = 0;
and if A <0, for g, = g/y, i.e. for g, = 0. In the A = 0 case, the
function H* is independent of each of the discharges g, and qy
separately but is determined by the total discharge q. Hence, in each of
the three possible cases the function A* depends only on one of the
controls q., g, OT ¢

H* =— p.q,.. + ]pv;]/(2g/u) GNg ! (G + Gy + G for A>0(g, =0
Hy* = — ppg + 10, | V@ T0) Gng/ G+ Gy + G for A=0 (5.4
From the stationarity conditions OH,;*/dq, = 0 and OH,*/q, = 0, which
here correspond to the condition of the absolute maximum, we obtain the

necessary relations (2.6) which determine the optimum controls g, and
g, for A > 0 and for A <o.

For A = 0 there follows from the condition OH,/0¢ = 0 that

. (g[a) GNP;)E
Qm - qu = ?‘p)'nz (Gm ~§‘ GN _%_ Gn)2

for A =0 (5.5)
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When A vanishes in a certain finite segment rather than at isolated
points (and_precisely such & case will actually be singular), then the
derivative A will also be zero in this interval

b by — 1o =5 palt— 21— ) o 50
Let us investigate the two possible variants.
First p, = 0. Using (5.5) we eliminate (g, * vg,) from (3.5)
. (g/0)Gy Pt
Pm = TG T Oy T C)® pu® ©n

For this expression fo vanish it is necessary that either Gy = 0 or
p, = 0. In either case, the motion will be inertial without thrust since
the discharges q, and g, will vanish according to (2.6) and (5.5). Hence,
both situations will be retained until the end of the motion. For Gy=0
this requires no explanation but the momentum p,., a8 follows from (2.1)

pv g e—— p?“ p!’ T - pl} aR 7 ar (5.8}

can vanish only identically along all trajectories. This case is de~
generate since the motion will be entirely passive,

Hence, vanishing of the function A because 5' equals zerc is only
possible at the end of controlled motion, when Gy vanishes, i.e. the
derivative 5' can be considered positive everywhere.

The second variant remains
1 27— (Gm + Gﬂ) / GN =0 ©.9)

This expression denotes the proportional change in the weight of the
power source Gy and the store of working material G,. In combination
with (5.5), it yields (2.8) which determines the optimum controls I
and ¢, at A = 0.

6. Appendix 2. Alternation of the extrems (3.1) to (3.3) is deter-
mined by the sign of the function A(t) from (2.5). Let us first consider
the intermediate case 0 < y < 1. It follows from the optimum boundary
conditions for the momenta (3.4) and (3.6) that the initial value of the
function A is greater than zero and the final value is less than zero
(A0Y > 0, A() < 0). It is necessary to investigate the nature of the
behavior of this function within the interval [0, 7].

The time derivative of the function A is defined by (5.8). As is
shown in the preceding section, the derivative ﬁ. is positive.

Therefore, the change in the sign of the function A depends on the
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combination

At the beginning of the motion (3.4), A(0) > 0; hence, a change in
weight occurs according to (3.1). According to (3.1), the weight Gy
remains constant but Gm decreases, i.e. along (3.1) y increases. If it

o<yt &y 9<yp<as

6,<05

is assumed that A(O) = 0, then the final value A(T) will be positive
because A(0) > 0 and A(t) > 0 (because of the growth of ). Positiveness
of A(T) contradicts condition (3.6).

Hence, the derivative of the function A is negative at the beginning
of the motion. Let us investigate two possible situations which can
occur later,

1. The derivative A(t) remains negative everywhere. Then A(t) crosses
the t-axis at a certain time ¢ = t (since A(0) > 0 and A(T) < 0). In
the first interval 0 <t <t equa%ion (3.1) will hold, according to
which Gy(t) = GN0 and in the‘second
t X t<T, equation (3.3) holds along

wﬁich G (t) = G _(t ) (see Fig. 6), where d» =1
m o™ e _ ' t=0 A V=
G,(t ) = 0 since Gm(T) = 0 according to 7
x®
condition (1.5). 0 ! t
2. The derivative A(t) vanishes at :
A(ty =0 (¢t =t ). In the interval fur !
* x -
0<t <t the change in weight occurs Y] b qm

according‘to equation (3.1). At t = t‘
it is replaced by (3.2). According to
(3.2) the weights G, and GN.change pro-
portionately so that yx and A remain zero. At a certain time t = t“ the
weight Gm vanishes. After this only GN can change. The function A (mean-
ing A also) again becomes negative as Gy diminishes. The function A
goes over into the negative domain and the control of the weight is
accomplished according to equation (3.3) (see Fig. 7).

Fig. 8.
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3. The derivative A(¢) vanishes for A(t) > 0. In the domain A > 0
the weights vary according to equation (3.1), according to which ¥ in-
creases. Hence, after having vanished, the derivative A becomes positive
and the function A never falls into the domain of negative values, which
contradicts condition (3.6).

4. The derivative A(t) vanishes for A(t) < 0. This possibility also
drops out since the function y must decrease in the domain A <. o,
according to (3.3) and (6.1). But for the function A to drop into the
negative domain at a time ¢+ = t it is necessary that A¢¢ ) < 0. Hence,
in the domain A < 0 the derivative A remains negative. *

Hence, the latter two variants 3 and 4 drop out. There remains to
examine the limiting cases y = 1 and y = 0,

For y = 1 the initial value of the function A is zero (3.4) and its
derivative (5.6)

G + Gy

A=—-%pm(1+ = ) for =1 (6.2)

N

is negative everywhere. Hence, all the subsequent values of A lie in
the negative domain and only the weight of the power source Gy changes
during the motion according to equation (3.3). The weight of the work-
ing material G, is here identically zero since G (T) = 0 (Fig. 8)
according to condition (1.4).

In the y = 0 case, the initial value of the function A is one and
the final value is zero (3.4) and (3.6). The function A cannot fall into
the negative domain since equation (3.3) has no meaning for y = 0.
Hence, A vanishes either at the end of the motion and then GN(f) = GNo
(Fig. 9) or at a certain time t = ¢ < T. Then the derivative A(t‘)

Fig. 9.

also vanishes and remains zero to the end of the motion. On the first
section 0 <Xt <Xt the change in weight occurs according to (3.1), on
* .
the second section t <X t <X T according to (3.2) (Fig. 10). The
*
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remaining possibilities are eliminated exactly as was done for 0 < Y <1
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